This paper introduces a theoretic result, any surface in 3 dimensional Euclidean space can be determined by its conformal factor and mean curvature, unique upto rigid motion. This theorem disproves the common belief that three functions are necessary to determine a surface and immediately shows one third geometric data can be saved without losing any information.
Introduction
Surfaces in R 3 are usually represented by their position vector r (u, v) = (x(u, v), y(u, v), z(u, v) ) under some parameterization (u, v) . From differential geometry theories, the surface is determined by its first fundamental form and the second fundamental form unique upto rigid motion. The first fundamental form is represented as ds 2 = E(u, v)du 2 + 2F (u, v)dudv + G(u, v) dv 2 , the second fundamental form is < d 2 r, n >= L (u, v) du 2 + 2M(u, v) dudv + N(u, v) 
dv 2 . The functions E, F, G, L, M, N are related by Gauss equation and Codazzi equation.
Considering a curve in R 3 , in general we use three functions to represent it r(t) = (x(t), y(t), z(t)). In order to reconstruct r(t), at least two functions are needed, the curvature and the torsion. It is a common belief that in order to reconstruct a surface r (u, v) , at least three functions are needed. In this work, we introduce an * e-mail: gu@cise.ufl.edu † e-mail:ylwang@math.harvard.edu ‡ e-mail:yau@math.harvard.edu a. Front view b. Back view Figure 1 : Electric field is a global conformal parameterization. The blue curves are equipotential lines, the red curves are electric field lines.
astonishing theorem that only two functions are enough to represent a surface without losing any information. The theorem is based on Riemann surface theories. It is well known that all orientable surfaces are Riemann surfaces, and they admit global conformal parameterization. Figure  1 illustrates a global conformal parameterization for the stanford bunny model. The first fundamental form of the surface can be formulated as
where λ (u, v) describes the stretching factor between the surface and the parameter plane, and is called conformal factor. The mean curvature of the surface can be computed as
where n (u, v) is the normal of the surface, ∆ is the Laplacian operator defined as
We will show that by H (u, v) and λ (u, v) , the surface r (u, v) can be reconstructed unique upto rigid motion. By Riemann-Roch theorem, for genus g surface, there will be 2g − 2 zero points on the global conformal parameterization. By circle-valued Morse theorem the iso-u and iso-v curves through the zero points will partition surfaces to several patches. Each patch is mapped to a rectangle on the uv plane.
In practice, triangular meshes are used to represent surfaces. We compute the global conformal parameterization first, then locate zero points, subdivide the mesh to patches, and construct conformal geometry image for each patch. Then we compute the conformal factor and mean curvature for each geometry image, record them as the representation of the surface. partition of the bunny. partition of the bunny. parameter plane.
Figure 2: The bunny surface with 3 cuts, two on ear tips and one at the bottom. There is only one zero point, the iso-v curves through the zero point segment the whole surface to 4 patches, all of them can be mapped to rectangles on the parameter plane.
Theoretic Background
In this section, we briefly prove the following main theorem Theorem 1 A closed surface r (u, v) in R 3 with conformal parameter (u, v) is determined by conformal factor λ (u, v) and H(u, v) unique upto rigid motion. A simply connected surface r (u, v) with a boundary in R 3 with conformal parameter (u, v) is determined by conformal factor λ (u, v), mean curvature H(u, v) and the boundary position unique upto rigid motion.
Let µ =< r zz , n >, then the motion equation for the natural frame {r z , rz, n} of the surface can be formulated as
with Gauss equation and Codazzi equation
The codazzi equation is equivalent to the following Poisson prob-
We can solve µ easily using Fast Fourier Transformation, then we can integrate the natural frame {r z , rz, n} and reconstruct the surface. Given first fundamental form ds 2 = Edu 2 + 2Fdudv + Gdv 2 , it is easy to reparameterize the surface and change the new parameterization to be conformal.
where O is a rotation matrix. Define new parameters
there (ũ,ṽ) are conformal parameters, namely ds 2 = dũ 2 + dṽ 2 .
Hence we have proved the following theorem.
Theorem 2 A closed surface r(u, v) in R 3 is determined by its first fundamental form E(u, v), F(u, v), G(u, v) and H(u, v) unique upto rigid motion. A simply connected surface r(u, v) in R 3 with a boundary is determined by its first fundamental form E(u, v), F(u, v), G(u, v) and H(u, v) and boundary position unique upto rigid motion.
Under conformal parameterization, the surface can also be determined by its principle curvatures.
Theorem 3 A closed surface r (u, v) in R 3 with conformal parameter (u, v) is determined by its principle curvatures k 1 (u, v) and k 2 (u, v) unique upto rigid motion. A simply connected surface r (u, v) with one boundary in R 3 with conformal parameter (u, v) is determined by its principle curvatures k 1 (u, v), k 2 (u, v) and boundary position unique upto rigid motion.
Proof Suppose the conformal factor is λ (u, v) , then λ (u, v) can be solved by the following equation
and mean curvature is
. The global structure of conformal parameterization can be represented by the following theorem Theorem 4 For a genus g > 1 closed surface, a holomorphic oneform has 2g − 2 zero points. The iso-u and iso-v curves will partition the surface to cylinders, topological disks, each of them can be mapped to rectangles on (u, v) plane.
The number of zero points is computed by using Riemann-Roch theorem. The decomposition structure can be proved using circlevalued Morse theorem.
In the literature, many researchers reported their work on geometric compression [Hoppe 1996; Touma and Gotsman 1998; Rossignac 1999; Khodakovsky et al. 2000; Rossignac 2003 ]. Rossignac gave a nice review on this topic in [Rossignac 2003 ]. There are two problems for compression: geometry compression and connectivity compression. The compression of vertex coordinates usually combines three steps: Quantization, prediction, and statistical coding of the residues. Among them, vertex predicator is the most crucial step. The most popular predictor for single-rate compression is based on the parallelogram construction [Touma and Gotsman 1998 ]. Rossignac proposed Edgebreaker [Rossignac 1999 ] algorithm which is arguably the simplest and one of the most effective single-rate compression approaches. When the exact geometry and connectivity of the mesh are not essential, the triangulated surface may be simplified or retiled. Hoppe [Hoppe 1996 ] describes a progressive mesh method which repeatly uses edge collapse operations to simplify the mesh structure. While Khodakovsky et al. [Khodakovsky et al. 2000 ] introduces a semi-regular meshes for progressive geometry compression, Gu et al. introduce a method which can remesh an arbitrary surface onto a completely regular structure, so called a geometry image. It captures geometry as a simple 2D array of quantized points. Surface signals like normals and colors are stored in similar 2D arrays using the same implicit surface parametrization --texture coordinates are absent.
Conformal geometry has been applied in computer graphics for texture mapping purpose. The algorithm for computing conformal maps from a topological disks to plane have been studied in [Alliez et al. 2002; Duchamp et al. 1997; Levy and Mallet n. d.; Levy et al. 2002] . For surfaces with arbitrary topologies, Gu and Yau introduces an algorithm based on Hodge theory. The algorithm for computing conformal structures of real surfaces has been introduced in [Gu and Yau 2002] . Then the method is applied to brain mapping [Gu et al. 2003b; Wang et al. 2004] in medical imaging; surface classification in [Gu and Yau 2003b] , and global surface parameterizations in [Gu and Yau 2003a] .
Algorithm
This section will explain the algorithm to construct λ − h representation in details. The piple line can be summarized as the following steps: first we compute the conformal structure of the surface, then we select one global conformal parameterization, and locate the zero points on the parameterization; by tracing iso-u and iso-v curves through these zero points, the surfaces can be deciates to several patches, each patch can be conformally mapped to a rectangle. We resample each patch using regular grids, and construct several conformal geometry images. We compute the dihedral angles of each edge, and conformal factors of each vertex, also the lengths for edges. By storing the dihedral angles and part of edge lengths or conformal factors, the mesh can be uniquely reconstructed.
Suppose K is a simplicial complex, and a mapping f : |K| → R 3 embeds |K| in R 3 , then M = (K, f ) is called a triangular mesh. K n where n = 0, 1, 2 are the sets of n-simplicies. We use σ n to denote a n-simplex,
Construct Conformal Geometry Images
First we compute the conformal structure of the surface using the series of algorithms introduced in [Gu and Yau 2003a] . We compute homology basis first, which are a set of closed curves B = {a 1 , b 1 , a 2 , b 2 , · · · , a g , b g }. Then we compute cohomology basis for the mesh, then we diffuse each cohomlogy basis to be harmonic, denoted as B * = {ω 1 , ω 2 , · · · , ω 2g }. Finally we compute a basis of holomorphic 1-forms, denoted as
Then each holomorphic one form is represented as a map f : K 1 → C. We associate a pair of real numbers (du, dv) with each oriented edge. Then we define the conformal factor with each edge as the ratio between the edge in R 3 and the edge in the parameter plane. The conformal factor for each vertex is defined as the average of the adjacent edge conformal factors.
After computing the conformal factor for all vertices, we locate the vertices with local minimal conformal factors, which are the approximation of zero points. Through each zero point, we trace iso-u and iso-v curves, these curves will partition the whole surface to patches, each patch is mapped to a rectange in uv plane.
For each surface patch, we use regular grid to sample in the conformal parameter plane, then we construct several conformal geometry images. Figure 3 illustrates the process. We first compute the conformal structure of the surface as shown in (a), then we locate the zero points, then trace iso-u, iso-v curves as shown in (c), the surfaces are partitioned to serveral patches, each patch is conformally mapped to a rectangle to the parameter plane as shown in (d).
Surface Reconstruction
From the section of theoretic background, it is clear that from the first fundamental form and the mean curvature we can reconstruct the surface.
Edge Length and Dihedral Angle For general triangle mesh cases, the first fundmantal form is represented as the length of edges, the mean curvature is represented as dihedral angles of each edge. By these two set of data, the surface can be reconstructed unique upto rigid motion.
First we pick arbitrary triangle, and reconstruct a triangle in the plane with the given edge lengths. Suppose the position for the vertices of the triangle are {v 1 , v 2 , v 3 }, the corresponding positions are {r 1 , r 2 , r 3 } ⊂ R 2 , and the edge lengths are {l 12 , l 23 , l 31 }, then the positions must satisfy the following equations
Then the normal of the face is
Then we can reconstruct the neighboring triangles using edge lengths and dihedral angles. Suppose triangle v 4 ] are adjacent, the normal of the first triangle is n 1 , and the norm of the second triangle is n 2 , the dihedral angle of edge [v 2 , v 3 ] is α 23 , then the position of v 4 can be computed by the following equations:
This way, we can reconstruct the whole mesh one face by one face.
Conformal Factor If we use conformal parameterization, the edge lengths can be encoded more efficiently by using conformal factors defined on each vertex. The conformal vector for vertex v ∈ K 0 is defined as The human body surface is global conformal parameterized. The iso-u, iso-v curves through zero points partition the surface to several patches. Each patch is conformally mapped to the plane, the planar images are rectangles.
Then we estimate the edgelength by the following approximatioñ
Then we only record the estimation error l vw −l vw for each edge [v, w] . The relative error rate is less than one percent. Hence we only needs a few bits to encode.
Connectivity The connectivity for each conformal geometry image is regular grids. We only need to record the dimensions of each geometry image, and no extra information for connectivity is needed. For general boundary vertices on the geometry images, each vertex has on corresponding one. The boundary vertices at the corners of the geometry image might have three corresponding ones at the corners of other geometry images.
Codazzi Euqation From the theoretic backgroup section, it is shown that the conformal factor λ and mean curvature H have to satisfy the Guass equation and Codazzi equation. Therefore, there must be redundant information among them. Suppose we reconstruct a triangle [v 1 , v 2 , v 3 ] first, then for arbitrary vertex v k , there are different ways to reconstruct it through different homotopic paths on the mesh. The Codazzi equation will gurantee that the reconstructed position of v k is independent of the choice of the path.
We choose a unique way to traversal all faces on the mesh, along the path, each face only attach at most two adjacent faces. The faces are sorted as f 1 , f 2 , · · · , f n along the path. Then we only keep the dihedral angles for those common edges between f k and f k+1 .
Normal Because each patch is a conformal geometry image, conformal geometry guarantee the accuracy for reconstructed normal. Therefore, no normal information is necessary to be stored. The conformal factor, edge length deviation and dihedral angles are further encoded using arithematic encoder.
Examples
We tested our algorithms on several real surfaces obtained by laser scanner. The David head sculpture model is a topological disk. We introduce a small slice at the top of the surface and conformally parameterized the resulted cylinder. The process is illustrated in figure 4 . We represent the whole surface by only one conformal geometry image, the local connectivity is shown in (d). The Max Planck sculpture is processed in the similar way. The results are shown in figure 5 .
The horse model is a littlbe bit complicated. The original model is a topological sphere. We introduced five cuts, one is near the mouth, the other four are at the bottom of its feet. Then we computed the doubling of the surface, compute the conformal structure of the surface. We choose on holomorphic one form to parameterize the surface as shown in figure 6 (b). There are three zero points on the surface, then we partitioned the surface to several patches, and represent each of them by a conformal geometry image. The regular connectivity is illustrated in (d).
We use arithmetic compression method to record the conformal factor and the dihedral angles. Each vertex only needs 20 bits. For original mesh file, each vertex requires more than 100 bits.
Future Work
The compression of current method heavily depends on the accuracy of the conformality of the parameterization. The compression can be improved by improving the conformality. Sampling geometry image will introduce some errors, it is crutial to choose a good holomorphic one-form for the purpose of sampling. This is a very challenging problem also. We will explore further along these two directions.
Conclusion
This paper introduced a theoretic result that a surface in R 3 can be uniquely determined by its conformal factor and mean curvature. THis result disproves the common belief that that three functions are necessary to represent a surface. Globally, conformal structure gives a canonical way to partition surfaces to patches, each patch can be mapped to a rectangle on the parameter plane. Also we developed practical algorithms for geometric compression based on these two thereoms. The global canonical structure determines the canonical mesh connectivity structure, hence no connectivity information is needed for the representation. For each patch, we use conformal factor and dihedral angles to encode the geometry without losing any information. 
